Let V be a finite set and C a collection of subsets of V . The ordered pair (V , C) is an alignment if C is closed under taking intersections and contains both ∅ and V . If (V , C) is an alignment, then C is a convexity for V , and the elements of C are referred to as the convex sets of the convexity C. A convex set A is a half-space if V − A is convex. The following separation properties have been defined for a given convexity C of V .
Introduction
In the Euclidean plane (i) every set consisting of a single point is a convex set; (ii) every two distinct points belong to complementary convex sets; (iii) every convex set and a point not in the set belong to complementary convex sets and (iv) every two disjoint convex sets belong to complementary convex sets.
Let V be a finite set and C a collection of subsets of V . The ordered pair (V , C) is an alignment if C is closed under taking intersections and contains both ∅ and V . If (V , C) is an alignment, then C is a convexity for V . The elements of C are referred to as the convex sets of this convexity. Suppose that an alignment (V , C) is given. A convex set A is called a half-space if V − A is also convex; in this case, A and V − A are complementary half-spaces with respect to C. The following separation properties have been defined for a given alignment (V , C).
(S 1 ) For every x ∈ V , the set {x} is convex. (S 2 ) For every pair a, b ∈ V , there exist complementary half-spaces A, B in C such that a ∈ A and b ∈ B. A more extensive introduction to abstract convexity is given in [9] . For the remainder of the paper we restrict ourselves to graph convexities. These are usually defined in terms of some interval notion. The two most well-known graph convexities are the geodesic and the monophonic convexities, studied by Farber and Jamison [5] and others. A set S of vertices in a graph G is g-convex (m-convex) if it contains the geodesic (monophonic) interval between every pair of vertices in S; here the geodesic (monophonic) interval between a pair u, v of vertices of G is the set of all vertices that belong to some shortest (respectively, induced) u, v-path in G.
In [2] , a graph convexity formulated in terms of Steiner trees is introduced. Let G be a connected graph, and let S be a set of at least two vertices in G. The Steiner distance d(S) of S is defined as the minimum size among all connected subgraphs of G containing S (see [4] ). If H is a connected subgraph of G such that S ⊆ V (H) and |E(H)| = d(S), then H is a tree, called a
Steiner tree for S. The Steiner interval I(S)
of S is the set of all vertices that belong to some Steiner tree for S. Steiner intervals have been studied in [6] [7] [8] and elsewhere. A set S of vertices in a graph G is said to be k-Steiner convex (or g k -convex) if the Steiner interval of every set of k vertices of S is contained in S, i.e., if I(R) ⊆ S for every k-subset R of S (see [2] ). Thus S is g 2 
-convex if and only if it is g-convex.
A graph convexity that extends the concept of an induced path to three or more vertices was introduced in [3] : Let G be a connected graph, and let U be a set of vertices in G. A minimal U-tree is a subtree T of G that contains U and has the property that every vertex of V (T ) − U is a cut-vertex of G[V (T )]. In particular, every Steiner tree for U is a minimal U-tree. The monophonic interval I m (U) of U is the collection of all vertices of G that lie on some minimal U-tree. A set S of vertices of G is k-monophonically convex (or m k -convex) if it contains the monophonic interval of every k-subset U of vertices in S, i.e., if I m (U) ⊆ S for every k-subset U of S.
In this paper we focus on separation properties for graph convexities that are extensions of the geodesic and monophonic convexities. All well-known graph convexities satisfy S 1 . Graphs satisfying the separation properties S i for i = 2, 3, 4 for the g-and m-convexities were studied in [1] . We characterize the graphs whose g 3 -or m 3 -convexity satisfies S 3 or S 4 and determine properties of graphs for which the g 3 -(respectively, m 3 -) convexity satisfies property S 2 .
In the sequel we assume that all graphs are finite and simple, and we use the following notation and definitions: For a graph G with vertex set V (G) and edge set E(G), the order of G is |V (G)| and the size of G is |E(G)|. The complement of G, denoted by G c , is the graph with vertex set V and edge set {xy :
, is the set of vertices u in S for which uv ∈ E(G). (Usually, when S = G or S = V (G), we drop the subscript and denote this set by N (v) .
A graph obtained from a complete graph by removing the edges of a (possibly empty) matching is called a near-clique.
Property S 4 for g 3 -and m 3 -convexity
In this section we characterize those graphs for which the g 3 -and m 3 -convexities satisfy S 4 . We will show that the graphs of Fig. 1 are precisely the forbidden subgraphs of those graphs for which the g 3 -and m 3 -convexities satisfy the property S 4 .
Each graph of Fig. 1 is exactly as shown, except for the rigid 3-clacker and D graphs, which are to be interpreted as follows:
In the rigid 3-clacker, the dashed edge 34 is optional; in D, any edge not shown may be present, as long as the sets {2, 3, 4} and {4, 5, 6} are disconnected 3-sets and at least one of the edges 21, 23, 24 and at least one of 64, 65, 67 are present.
We begin with a lemma that will be used both in this section and the next. Fig. 1 ), then every minimal U-tree for a disconnected 3-set has size 3.
Proof. Let U = {x, y, z} be any disconnected 3-set of vertices of G and let T be a minimal U-tree. Suppose first that T is a path, say an x, z-path. If T is an induced path, then, since G is P 5 -free, it follows that T has order at most 4. Since U is a disconnected 3-set, T has order exactly 4. Thus T has size 3. If T is not induced, then the neighbours of y are adjacent in G.
If T has size at least 4, then G contains either a bull or P as induced subgraph, which are forbidden. The lemma thus follows when T is a path.
If T is not a path, then x, y, and z are the leaves of T . Let w be the vertex of degree 3 in T . If T has size at least 4, then at least one of the u, w-paths (where u ∈ U) has length at least 2. If T is an induced subgraph of G, then G contains a Y as an induced subgraph, which is forbidden. If T is not induced, then the neighbours of w in T induce a subgraph with exactly one edge. In this case G contains either a bull or a P as an induced subgraph, which is forbidden. Thus every vertex of U is adjacent with w and T has size 3.
Thus if G is a connected (P 5 , Y , P, bull)-free graph, then for every 3-set U of vertices a minimal U-tree is in fact a Steiner tree for U. 
Proof.
If G is a graph that contains any of the induced subgraphs of Fig. 1 , then the m 3 -convexity of G is not S 4 : to see this, observe that for the C 5 , house, P, kite, bull, P 5 , Y , and P, the sets A = {2, 4} and B = {3, 5} are disjoint m 3 -convex sets that are not contained in complementary half-spaces; for the mitt, let A = {1, 4} and B = {2}, for the rigid 3-clackers, let A = {1, 6} and B = {2}, and for the D-graphs, let A = {1, 5, 6} and B = {2, 3, 7}; then again A and B are disjoint m 3 -convex sets that are not contained in complementary half-spaces.
For the converse, suppose that G is a connected F -free graph and suppose that the m 3 -convexity of G is not S 4 . Since the m 3 -convexity of G is not S 4 , there exist disjoint non-empty convex sets A and B that are not contained in complementary half-spaces. Let A ′ and B
′ be convex sets with
Through a number of lemmas we shall obtain a contradiction. Fig. 1 , again a contradiction.
From Lemma 2.1 it follows that if U is any 3-set of vertices, then either U induces a connected graph or every minimal U-tree has exactly four vertices, where, by Lemma 2.3 and the proof of Lemma 2.1, the vertex of V (T ) − U is adjacent with every vertex of U. Hence every minimal U-tree is a Steiner tree for U. Moreover, if U is a disconnected 3-set and c is the vertex in a Steiner tree for U such that c ̸ ∈ U, then c is adjacent with every vertex of U. Lemma 2.5.
Proof. Suppose, to the contrary, that
∪ C , and vertex a ∈ A ′ such that a is adjacent to every vertex of U. Since B ′ is m 3 -convex, at least one vertex of U belongs to C , contrary to our assumption 
From the above, H contains the subgraph shown in Fig. 2 .
Proof. If F is connected, it contains a Steiner tree for {v, u, w} and for {v, x, y}. Thus w is adjacent to v, x, y and y is adjacent to v, u, w. Hence uw, xy ̸ ∈ E(G). Thus either uywx or uxwv is an induced P 4 depending on whether ux ̸ ∈ E(G) or ux ∈ E(G), respectively; a contradiction. Hence F is disconnected.
Lemma 2.7.
The subgraphs H − a ′ and H − b ′ are both connected.
Proof. Suppose that H − a
′ is disconnected. Without loss of generality, we may assume ub
′ is connected, it contains a vertex adjacent to v, u, and w. The only possible candidates are y and b ′ . If y is adjacent to v, u, and w, then it follows from Lemma 2.6 that x is non-adjacent to y, u, and w.
the previous paragraph we know that ub
, w}] is a rigid 3-clacker; which is not possible.
Thus a ′ is adjacent to v, x, and y.
Hence H is a forbidden graph D of Fig. 1 . This completes the proof of Theorem 2.2.
It turns out that the graphs whose g 3 -convexity is S 4 are exactly the same as those whose m 3 -convexity is S 4 .
Theorem 2.8. The g 3 -convexity of a connected graph G is S 4 if and only if the m 3 -convexity of G is S 4 .
Proof. Suppose that the g 3 -convexity of a graph G is S 4 . If G contains one of the graphs in F − {P 5 } shown in Fig. 1 , then the sets A and B, described in the first paragraph of the proof of Theorem 2.2, are g 3 -convex sets that cannot be separated by complementary g 3 -convex sets in G; if G contains an induced P 5 whose vertices are labelled as in Fig. 1 , then the sets A = {1, 4} and B = {2, 5} satisfy the same conclusion. It follows that G must be F -free. Hence, by Theorem 2.2, the
For the converse, suppose that the m 3 -convexity of G is S 4 . By Theorem 2.2, G is F -free. If the g 3 -convexity is not S 4 , then one can argue as in Lemma 2.3 that G is P 4 -free. As explained after the proof of Lemma 2.3, it follows that, for any
T is a minimal U-tree if and only if T is a Steiner tree for U. Therefore, a set is g 3 -convex if and only if it is m 3 -convex. Thus the g 3 -convexity is S 4 , contrary to our assumption. 
We note that the graphs characterized above are perfect. Indeed, it follows from Theorem 2.2 that if the m 3 -convexity of G is S 4 , then G has no induced odd hole. In particular, if G has an induced odd antihole C c 2k+1 , then k ≥ 3 and thus G contains the complement of P 5 , which is the house and thus a forbidden subgraph.
Property S 3 for g 3 -and m 3 -convexity
In this section we characterize those graphs whose g 3 -convex sets and those whose m 3 -convex sets have the separation property S 3 . These characterizations are in terms of forbidden subgraphs. Recall that a convexity on the vertex set of a graph We shall now establish three propositions which together amount to a characterization of those graphs whose m 3 -convex sets have the S 3 property. Fig. 3. Proof. Suppose that G contains an induced subgraph H isomorphic to one of the graphs in Fig. 3 . For each case we exhibit a convex set A and a vertex b ∈ V (H)−A such that A and b are not contained in complementary half-spaces:
Proposition 3.1. If G is a graph whose m 3 -convexity has the S 3 property, then G is T -free, where T is the family of graphs shown in
We advise the reader that, in order to follow the argument in the next proof, it is often helpful to think of the complement graph G c and the corresponding obstructions in G c , rather than G and T themselves. Proof. Among all connected T -free graphs whose m 3 -convexity is not S 3 , let G have minimum possible order. We shall show, via a number of lemmas, that G is P 4 -free. Suppose, to the contrary, that G contains an induced P 4 . Since the P 4 has the property S 3 and G does not, G has order at least 5. 
either a house, P, kite, or 3-fan.
If v is not adjacent to any vertex in K , then, since G is connected, there exist vertices
or bull. This proves Lemma 3.3.
It follows from the above that G contains an induced house, P, kite, or 3-fan. To complete the proof of Proposition 3.2 we will prove a series of lemmas each of which will refer to Fig. 4 .
For types (I)-(VII), the graph is exactly as shown; for types (VIII)-(X), the parameters r and t and the vertex sets Y and Z may vary as indicated.
Lemma 3.4. If H is an induced house in G, then G is the join of two graphs L and R, where L c is a graph of one of the
Proof. Let H be labelled as in the house of Fig. 1 Fig. 4 . Suppose that H is a P or kite as labelled in Fig. 1 
c . Fig. 4 (IX) ). This proves Lemma 3.5. Fig. 4 .
Lemma 3.5. If H is an induced P in G and if G contains no induced house, then G is the join of two graphs L and R, where L c is a graph of one of the types shown in

Lemma 3.6. If H is an induced kite in G and if G contains no induced house or P, then G is the join of two graphs L and R, where L c is a graph of one of the types shown in
Proof. Since G contains neither an induced house nor a P, the graph G c has no induced P 5 Fig. 4 .
Proof. This follows immediately from Lemma
It follows from the above lemmas that G is the join of two graphs L and R, where L c is a graph of one of the types shown in Fig. 4 . Fig. 4 and let A be an m 3 -convex set in L. Proof. Let L and A be as stated.
Lemma 3.8. Let L be a graph such that L c is of one of the types shown in
(1) For every b ∈ V (L) − A there exists a partition (A ′ , B ′ ) of V (L) such that A ⊆ A ′ , b ∈ B ′ , A ′ is an m 3 -convex
Case 1. L[A] contains a disconnected 3-set. Suppose that {x, y, z} is a disconnected 3-set in
contains no 4-cycle (cf. Fig. 4 ), no vertex u ̸ = x, y, z is adjacent in L c with both x and z. But, since A is convex in L, every it is easy to see that L c is of type (X) and that w is one of the vertices labelled 1, 2, 3 in Fig. 4 . 
a disconnected 3-set; but this is not possible.
We may thus assume b ̸ ∈ {1, 2, 3} and, without loss of generality, that 1b ∈ E(L c ). 
Suppose that 3 ∈ A 1 and w Suppose that R contains no disconnected 3-set. Let A be a convex set in G and So, if R has no disconnected 3-set, then the m 3 -convexity of G is S 3 , contrary to assumption. This completes the proof of Lemma 3.9.
It follows from Lemma 3.9 that no proper convex subset of V (G) contains a disconnected 3-set-i.e., a set M ⊂ V (G) is convex in G if and only if G [M] contains no disconnected 3-set. Now let A be a convex set in G and let b ∈ V (G) − A; we shall show that A and b can be separated by complementary half-spaces-thus proving that the m 3 -convexity of G is S 3 , contrary to assumption.
Recall that G = L ∨ R, where L and R are as described in Lemma 3.9. Suppose that v is one of the vertices so labelled in L (see Fig. 4 
is a partition of G into half-spaces that separate A and b.
In all cases but (I), (III), and (IV) (see Fig. 4 ) it is easy to see that this is indeed the case, because no two distinct disconnected Case 2. Every vertex labelled v in L (see Fig. 4 ) belongs to A ∪ {b}. Consider a labelled vertex v; we make the following two observations: In summary, we have shown that if G contains an induced P 4 , then the m 3 -convexity of G is S 3 , contrary to assumption. We conclude, therefore, that G is P 4 -free. This completes the proof of Proposition 3.2. Since every 2-set of vertices is m 3 -convex, we may assume that |A
it follows that if U is a disconnected 3-set of vertices, then every minimal U-tree T contains exactly four vertices and the vertex of T not in U is adjacent to each vertex of U. The proofs of the following two lemmas are identical to those of Lemmas 2.4 and 2.5, respectively. Lemma 3.12.
Using the argument following the proof of Lemma 2.5, one can show that G contains the subgraph depicted in Fig. 2 . In the following we let
The next two lemmas are proved exactly as Lemmas 2.6 and 2.7: Fig. 3 . So b ′ must be adjacent to each of v, u, and w. Similarly, a ′ is adjacent to each of v, x, and y. This proves (ii). We show next that wv, yv ̸ ∈ E(G). Suppose that wv ∈ E(G). Then, by the above, w is not adjacent to both x and y and uw ̸ ∈ E(G). If x is adjacent to u and w, then vwxu is an induced P 4 , which is forbidden. So x is adjacent to at most one of u and w. If y is adjacent to u and w, then by the above yv ̸ ∈ E(G). However, then uywv is an induced P 4 , which is forbidden. So each of x and y is adjacent to at most one of u and w. Hence {u, w, x} and {u, w, y} are both disconnected 3-sets. However, then H is isomorphic to one of the forbidden graphs D ′ of Fig. 3 . So v is non-adjacent to both w and y (in addition to u and x). This proves (iii).
It remains to show that G[{u, w, x, y}] is a near-clique. If this is not the case, three of these four vertices induce a disconnected graph, say u, w, and x. Consider the 3-sets {v, y, x}, {x, u, w}, {v, y, u}, and {v, y, w}. Since they all induce disconnected subgraphs, H is isomorphic to one of the forbidden graphs D ′ of Fig. 3 . The lemma now follows. As an immediate consequence of Propositions 3.1, 3.2 and 3.10, we have the following characterization of the S 3 separation property: Theorem 3.24. The m 3 -convexity of a connected graph G is S 3 if and only if G is T -free (see Fig. 3 ).
We now turn to the S 3 property for the g 3 -convex sets.
Theorem 3.25. The g 3 -convexity of a connected graph G is S 3 if and only if G is T -free (see Fig. 3 ).
